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Abstract
A regularization of the 2D-Euler equation with periodic boundary conditions is introduced,
having the same inﬁnitesimal invariants as the Euler equation. A ﬂow of measure-preserving
transformations is constructed on L1-spaces induced by the Gaussian measure with covariance
given by the inverse of the enstrophy and it is shown that this ﬂow is the only measure-
preserving ﬂow inducing a strongly continuous semigroup on the corresponding L1-space. We
also prove similar uniqueness results for a corresponding class of regularized stochastic
2D-Navier–Stokes equations.
r 2003 Elsevier Science (USA). All rights reserved.
1. Introduction and main results
The Euler– and Navier–Stokes equations for an incompressible ﬂuid on the two-
dimensional Torus T2 are given by
@tu ¼ ðu  rÞu rp þ gDu; div u ¼ 0; ð1:1Þ
where u : Rþ  T2-R2 is the velocity ﬁeld, gX0 is a constant coefﬁcient and u 
ru ¼ u1@1u þ u2@2u: We consider Eq. (1.1) in the space
H :¼ uAL2ðT2;R2Þ j div u ¼ 0;
Z
u dx ¼ 0; u  n ¼ is periodic
 
;
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where n denotes the outward normal and D is the Laplacian restricted to the
subspace L20ðT2;R2Þ of elements in L2ðT2;R2Þ with mean zero (cf. [L,T]). Here 
denotes the scalar product in R2: Identifying T2 with ½0; 2p½2CR2; a complete
orthonormal system of eigenfunctions of D in L20ðT2;R2Þ is given by ekðzÞ ¼ 12peikz;
kAZ2
*
:¼ Z2\f0g:
For kAZ2 write k> ¼ ðk2; k1Þ: We will use in the following the approach in
[ARHK] (cf. also [AC,AHK]) to reformulate (1.1) as an inﬁnite-dimensional
ordinary differential equation. To this end note that the incompressibility condition
div u ¼ 0 implies the existence of a function j : T2-R (called the stream function)
satisfying r>j ¼ u: Applying rot to the Euler-equation (the case g ¼ 0 in (1.1)) one
obtains for a smooth solution of (1.1) that
@tDj ¼ r>j  rDj; r>j ¼ u ð1:2Þ
(cf. [AC,ARHK]). Writing jðt; Þ ¼PkAZ2
*
zkðtÞek (1.2) is equivalent to
dzk
dt
¼ 
X
hAZ2
*
h>  k
2p
jk  hj2
jkj2 zhzkh ¼
X
hAZ2
*
h>  k
2p
h  k
jkj2 
1
2
 !
zhzkh; kAZ2
*
ð1:3Þ
(cf. [AC, (1.3)]). Using the notation
akh;h0 :¼
h>  k
2p
h  k
jkj2 
1
2
 !
dk;hþh0 ; k; h; h0AZ2
*
; ð1:4Þ
we can rewrite (1.3) as dzk
dt
¼ bkðzÞ; kAZ2
*
; where
bkðzÞ ¼
X
h;h0AZ2
*
akh;h0zhzh0 ; kAZ
2
*
:
Since j is real it follows that zk ¼ %zk: Hence it is sufﬁcient to consider (1.3) only for
kAZ2þ :¼ fkAZ2jk140 or k1 ¼ 0 and k240g: Similarly, we will consider in the
following zk for kAZ2þ only and simply deﬁne zk :¼ %zk for kAZ2* \Z
2
þ:
Instead of solving (1.3) directly, we consider in the following the Cauchy–Problem
corresponding to the ﬁrst-order differential operator
L0FðzÞ :¼
X
kAZ2þ
bkðzÞ  rkFðzÞ; FAFC1b ð1:5Þ
on a suitable function space. Here
FCmb :¼ fFðzÞ ¼ jðzk1 ;y; zknÞjnX1; k1;y; knAZ2þ;jACmb ðCnÞg; mAN,fNg;
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denotes the set of m-times continuously differentiable ﬁnitely based test functions on
CZ
2
þ and rkFðzÞ :¼ ðdFdsðz þ s ReðekÞÞjs¼0; dFdsðz þ s ImðekÞÞjs¼0Þ is the two-dimen-
sional (real) gradient of F w.r.t. the zk-variable. We emphasize that in contrast to
[AC,ARHK] we use complex numbers only to simplify notations.
Recall that the Euler equation has two important invariants: the energy
E1ðjÞ ¼  1
2
Z
jDj dx ¼ 1
2
Z
juj2 dx ¼
X
kAZ2þ
jkj2jzkj2
and the enstrophy
E2ðjÞ ¼ 1
2
Z
ðDjÞ2 dx ¼ 1
2
Z
ðrot uÞ2 dx ¼
X
kAZ2þ
jkj4jzkj2
(cf. [ARHK]). Thus, given a smooth solution of (1.2) yields dEiðjÞ
dt
¼ 0; hence
X
kAZ2þ
jkj2ibkðzÞ  zk ¼ 0; i ¼ 1; 2: ð1:6Þ
It is shown in [ARHK] that the Gaussian measures
mgðdzÞ ¼
Y
kAZ2þ
N 0;
1
gjkj4
 !
ðdzkÞ; g40 ð1:7Þ
on CZ
2
þ are inﬁnitesimally invariant measures for the complexiﬁcation of ðL0;FC1bÞ;
hence inﬁnitesimally invariant for ðL0;FC1bÞ too. Here Nð0; s2Þ is the centered
Gaussian measure on C with covariance matrix s2  Id: Since ðL0;FC1bÞ is a
derivation, hence iL0 semibounded and symmetric in the corresponding complex L2-
space, self-adjoint extensions of iL exist (cf. [AHK]). It has been noted in [AHK] that
if, in addition, ðiL0;FC1bÞ is essentially self-adjoint, the converse to Koopman’s
Lemma implies that the unitary group generated by the unique self-adjoint extension
is induced by a group of point transformations, which can then be seen as a
substitute for (or even a realization of) the corresponding (Euler-) ﬂow. However, the
question of essential self-adjointness is still an open problem.
Remark. Essential self-adjointness of ﬁnite-dimensional Galerkin approximations as
well as existence of self-adjoint dominators have been proved in [AFe1]. Results on
Markov uniqueness in the case where mg is replaced by some compound Poisson
measure have been obtained in [AFe2]. See also [AFe3] for an overview.
The main difﬁculty in the study of the Cauchy problem corresponding to (1.5) in
the spaces LpðmgÞ is due to the fact that the measure mg is supported by the real
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Hilbert space
Ha :¼ zACZ2þ j
X
kAZ2þ
jkj2az2koN
8<
:
9=
;
only for ao1: For these initial conditions, however, existence and uniqueness
of classical solutions corresponding to (1.2) are unknown. On the other hand, a
mg-invariant ﬂow solving (1.3) for mg-almost all initial conditions was constructed
in [AC]. Similar to the problem of essential self-adjointness, the question of
uniqueness of the ﬂow is an open problem.
The starting point of this paper now was to study the uniqueness of maximal
extensions of L0 (that is, extensions of L0 generating a strongly continuous
semigroup) in L1ðmgÞ: As a contribution to this problem we introduce for e40 a
regularization Le of L0; having the same inﬁnitesimal invariant measures as L0; and
approximating L0 in the sense that limek0 LeF ¼ L0F in LpðmgÞ for all FAFC1b ;
pA½1; 2; and study the uniqueness of maximal extensions of Le in L1ðmgÞ for e40:
1.1. A regularization of the Euler equation
Fix e40 and let
bekðzÞ :¼
X
h;h0AZ2
*
eeðjkj
2þjhj2þjh0 j2Þakh;h0zhzh0 ; zAC
Z2þ ; kAZ2þ
and
LeFðzÞ :¼
X
kAZ2þ
bekðzÞ  rkFðzÞ; FAFC1b :
Similar to the case e ¼ 0 in [AC] it is shown that bekAL2ðmgÞ; kAZ2þ; so that
ðLe;FC1bÞ is well-deﬁned in LpðmgÞ for pA½1; 2: Note that bekðzÞ ¼ eejkj
2
bkðzeÞ for
zeh ¼ eejhj
2
zh; hAZ2
*
; so that for mg-almost all zAC
Z2þ (1.6) implies thatP
kAZ2þ
jkj4bekðzÞ  zk ¼
P
kAZ2þ
jkj4bkðzeÞ  zek and thus an integration by parts implies
that Z
LeF dmg ¼
X
kAZ2þ
Z
bekðzÞ  rkFðzÞmgðdzÞ
¼
Z X
kAZ2þ
jkj4bekðzÞ  zk
0
@
1
AFðzÞmgðdzÞ ¼ 0: ð1:8Þ
W. Stannat / Journal of Functional Analysis 200 (2003) 101–117104
(We emphasize that, in contrast to the case e ¼ 0; the sum PkAZ2þ jkj4bekðzÞ  zk
converges in the case e40 to 0 in L2ðmgÞ:) Hence mg is an inﬁnitesimally invariant
measure for ðLe;FC1bÞ:
The regularization Le corresponds to the regularization @tu ¼ peðpeu  rÞpeu 
rp þ gDu; div u ¼ 0; of (1.1). Here pe :¼ eeD; e40; is the semigroup generated by D
on L20ðT2Þ and peu is deﬁned componentwise. The following is the main result of this
paper.
Theorem 1.1. Let eX0: ðLe;FC1bÞ is closable in L1ðmgÞ and if e40 then its closure %Le
generates a strongly continuous one parameter group of Markovian contractions ðT et Þ
in L1ðmgÞ: ðT et Þ is induced by a flow of measure-preserving point-transformations
ðxeðt; ÞÞ on CZ2þ :
The proof of Theorem 1.1 is contained in Section 2.
Remark. The ﬂow xe in Theorem 1.1 is unique in the following sense: suppose that *xe
is another ﬂow of mg-invariant point transformations on C
Z2þ inducing a strongly
continuous one parameter group of linear operators ðSetÞ on L1ðmgÞ: If the
corresponding inﬁnitesimal generator extends ðLe;FC1bÞ then ðSetÞ ¼ ðT et Þ:
1.2. Regularized stochastic Navier–Stokes equations
On the space L2ðmgÞ consider the Ornstein–Uhlenbeck operator Lg deﬁned by the
generator of the closure ðDg; H1;2ðmgÞÞ of the quadratic form
DgðF ; FÞ ¼ 1
2
X
kAZ2þ
Z
jkj2jrkF j2 dmg; FAFC1b
in L2ðmgÞ: It is easy to see that FC2bCDðLgÞ and
LgFðzÞ ¼ 1
2
X
kAZ2þ
1
jkj2 DkFðzÞ  gjkj
2
zk  rkFðzÞ:
Here
DkFðzÞ :¼ d
2F
ds2
ðz þ s ReðekÞÞjs¼0 þ
d2F
ds2
ðz þ s ImðekÞÞjs¼0
is the Laplacian w.r.t. the zk-variable.
Note that
R
LgF dmg ¼ 0 for all FADðLgÞ which follows from the mg-invariance of
the semigroup generated by Lg: Consequently, mg is an inﬁnitesimally invariant
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measure for the operator
AegFðzÞ :¼ LgFðzÞ  LeFðzÞ; FAFC2b ;
which reduces in the case e ¼ 0 to the generator of a stochastic Navier–Stokes
equation introduced in [AC] (cf. also [FG]).
Analogous to Theorem 1.1 we have the following:
Theorem 1.2. ðAeg;FC2bÞ is dissipative in L1ðmgÞ; hence in particular closable. If e40
then the closure ð %Aeg; Dð %AegÞÞ generates a Markovian C0-semigroup of contractions
ð %Te;gt ÞtX0: In particular, ð %Aeg; Dð %AegÞÞ is the only closed extension of ðAeg;FC2bÞ
generating a C0-semigroup in L
1ðmgÞ:
Remark. Essential self-adjointness of ﬁnite dimensional Galerkin approximations of
Lg  iL0 as well as existence of self-adjoint dominators have been proved in [AFe1]
(cf. also [AFe3]).
The proof of Theorem 1.2 will be given in Section 3. Let us ﬁrst discuss some
consequences of 1.2 for the uniqueness of related martingale problems. In the
following deﬁnition let E be a separable real Hilbert space, m be a probability
measure on ðE;BðEÞÞ and ðL;AÞ a linear operator on E:
Deﬁnition 1.3. A right processM ¼ ðO;F; ðXtÞtX0; ðPxÞxAEÞ with state space E and
natural ﬁltration ðFtÞtX0 is said to solve the martingale problem for ðL;AÞ if for all
FAA
(i)
R t
0
LFðXsÞ ds; tX0; is (Pm-a.s.) independent of the m-version for LF :
(ii) FðXtÞ  FðX0Þ 
R t
0 LFðXsÞ ds; tX0; is an ðFtÞ-martingale w.r.t. PGm½ ¼R
Px½GðxÞ mðdxÞ for all GABþb ðEÞ such that
R
G dm ¼ 1:
Corollary 1.4. Let e40 and M ¼ ðO;F; ðXtÞtX0; ðPxÞxAHaÞ; be a right process on Ha;
ao1; that solves the martingale problem for ðAeg;FC2bÞ such that mg is a subinvariant
measure for M: Then ExFðXtÞ is a mg-version of %Te;gt F for all FABbðHaÞ-L1ðmgÞ and
mg is an invariant measure for M:
Proof. Let ðptÞ be the transition semigroup ofM: Since mg is subinvariant forM; i.e.,R
ptF dmgp
R
F dmg for all FABbðHaÞ-L1ðmgÞ; FX0; it follows that ðptÞ induces a
semigroup of (sub-Markovian) contractions ðStÞ on L1ðmgÞ: Using [MR, II.4.3] and
the fact thatM is a right process it is easy to see that ðStÞ is strongly continuous. Let
ðA; DðAÞÞ be the corresponding L1-generator.
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If FAFCNb and GAB
þ
b ðHaÞ such that
R
G dmg ¼ 1 thenZ
ðptF  FÞG dmg ¼EGmg ½FðXtÞ  FðX0Þ
¼EGmg
Z t
0
AegFðXsÞ ds
 
¼
Z Z t
0
psA
e
gF ds
 
G dmg;
hence StF  F ¼
R t
0 SsA
e
gF ds in L
1ðmgÞ: It follows from the strong continuity of ðStÞ
that FADðAÞ and AF ¼ AegF : Since ðAeg;FC2bÞ is L1-unique by Theorem 1.2 we
obtain that A ¼ Aeg; hence ðStÞ ¼ ð %Te;gt Þ which implies the ﬁrst assertion. The second
assertion follows from the mg-invariance of ð %Te;gt Þ: &
2. Proof of Theorem 1.1
2.1. Finite-dimensional Galerkin approximations
Let In :¼ fkAZ2þjjkjpng and Be;n : CIn-CIn ; Be;n ¼ ðbe;nk ÞkAIn ; be deﬁned by
b
e;n
k : C
In-C; be;nk ðzÞ ¼
X
h;h0AZ2
*
with jhj;jh0jpn
akh;h0e
eðjkj2þjhj2þjh0 j2Þzhzh0 ; kAIn:
Recall that zk :¼ %zk if kAZ2
*
\Z2þ: Let E
n
i ðzÞ :¼
P
kAIn jkj
2ijzkj2; i ¼ 1; 2;
Le;nFðzÞ :¼ /Be;n;rFSðzÞ; FAC1bðCInÞ
and
mngðdzÞ :¼
Y
kAIn
N 0;
1
gjkj4
 !
ðdzkÞ:
Clearly, PnðmgÞ ¼ mng ; where
Pn : CZ
2
þ-CIn ; z ¼ ðzkÞkAZ2þ/ðzkÞkAIn ; ð2:1Þ
denotes the projection onto the coordinates zk; kAIn: Eq. (1.6) clearly implies thatX
kAIn
jkj2ibe;nk ðzÞ  zk ¼ 0; i ¼ 1; 2; ð2:2Þ
so that mng is an inﬁnitesimally invariant measure for the operator L
e;n and
consequently, Le;n is dissipative in L1ðmngÞ:
Lemma 2.1. The vector field Be;n generates a unique smooth global flow xe;n:
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Proof. Since Be;n is smooth, there exists for all zACIn a unique maximal solution
xe;nð; zÞ : ðt; tþÞ-CIn of the initial value problem y0 ¼ Be;nðyÞ; yð0Þ ¼ z (cf. [Am,
Theorem 7.6]). We will show next that t ¼ N and tþ ¼ þN: To this end
note that t/En1ðxe;nðt; zÞÞ is constant by (2.2), so that for ﬁnite
T fxe;nðs; zÞjsAðt3ðTÞ; 0g and fxe;nðs; zÞjsA½0; tþ4TÞg are contained in a
compact subset of CIn : By Amann [Am, Corollary 7.7] we conclude that tp T
and tþXT ; hence t ¼ N and tþ ¼ þN since T was arbitrary. Consequently,
xe;nð; zÞ is a global solution to the corresponding initial value problem. &
For each n the ﬂow xe;n induces a group of Markovian linear operators
T e;nt F :¼ Fðxe;nðt; ÞÞ; FABðCInÞ; tAR:
Proposition 2.2. ðT e;nt Þ uniquely induces a strongly continuous one parameter group of
Markovian contractions in LpðmngÞ for pA½1;NÞ: The corresponding generator is the
closure of ðLe;nF ; C1bðCInÞÞ in LpðmngÞ:
Proof. (2.2) and rkbe;nk ¼ 0 imply that xe;n is mng-measure preserving. HenceZ
jT e;nt F jp dmg ¼
Z
jF jp dmg; FABðCInÞ;
which implies that ðT e;nt Þ uniquely induces a one parameter group of Markovian
contractions in LpðmngÞ for all p: By dominated convergence limt-0 T e;nt F ¼ F for all
FACbðCInÞ; since limt-0 T e;nt FðzÞ ¼ FðzÞ for all z: Since CbðCInÞCLpðmngÞ dense, this
implies strong continuity. Clearly, the corresponding inﬁnitesimal generators extend
ðLe;n; C1bðCInÞÞ: Finally, T e;nt ðC1bðCInÞÞCC1bðCInÞ implies that the inﬁnitesimal
generator of ðT e;nt Þ is the closure of ðLe;n; C1bðCInÞÞ in LpðmngÞ (cf. [ReSi, Theorem
X.49]). &
Proposition 2.3. Let ce;n2:3 :¼ ð1e
P
kAIn e
ejkj2Þ2 if e40 and ce;n2:3 :¼ n2jInj2 if e ¼ 0: Let
FAC2bðCInÞ be such that FðzÞ ¼ 0 if En1ðzÞXa: ThenZ
jrT e;nt F j2 dmngpe
ﬃﬃﬃﬃﬃﬃﬃﬃ
4ace;n
2:3
p
jtj
Z
jrF j2 dmng 8tAR:
Proof. Let Dkb
e;n
l ðzÞ :¼ ðrk ReðblðzÞÞ;rk ImðblðzÞÞÞT and note that
Dkb
e;n
l ðzÞ ¼ ðalk;lk þ allk;kÞeeðjlj
2þjklj2þjkj2Þ xlk ylk
ylk xlk
 !
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if k; l and l  kAIn (or k  lAIn) and Dkbe;nl ðzÞ ¼ 0 otherwise. ThenZ
/rð/Be;n;rFSÞ;rFS dmng ¼
X
k;lAIn
Z
ðDkbe;nl rlFÞ  rkF dmng
þ
X
k;lAIn
Z
be;nl  rl ReðrkFÞReðrkFÞ
þ be;nl  rl ImðrkFÞImðrkFÞ dmng :
By invariance, the second term vanishes. Using
alk;lk þ allk;k ¼
1
2p
k>  l
jlj2 ðk  l þ ðk  lÞ  lÞp
1
p
jkjjl  kj; l; kAZ2
*
the ﬁrst term can be estimated from above byX
k;lAIn with lkAIn
or klAIn
1
p
jkjjl  kjeeðjlj2þjklj2þjkj2Þ
Z ﬃﬃﬃ
2
p
jzlkjjrlF jjrkF j dmng
p2
ﬃﬃﬃ
2
p
p
X
k;lAIn with lkAIn
Z
jl  kj2jzlkj2jrkF j2 dmng
 1
2

X
k;lAIn with lkAIn jkj
2
e2eðjkj
2þjlkj2Þ
Z
jrlF j2 dmng
 1
2
p
ﬃﬃﬃﬃﬃﬃﬃ
c
e;n
2:3
q Z
En1 jrF j2 dmng
 1
2
Z
jrF j2 dmng
 1
2
:
Now observe that En1ðzÞjrF j2ðzÞpajrF j2ðzÞ; so thatZ
/rð/Be;n;rFSÞ;rFS dmngp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ace;n2:3
q Z
jrF j2 dmng :
Since En1ðxe;nðt; zÞÞ ¼ En1ðzÞ it follows that Tnt FðzÞ ¼ 0 if En1ðzÞXa: Consequently, the
last inequality also holds with F replaced by T e;nt F : Therefore,
d
dt
Z
jrT e;nt F j2 dmng ¼ 2
Z
/rð/Be;n;rT e;nt FSÞ;rT e;nt FS dmng
p 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ace;n2:3
q Z
jrT e;nt F j2 dmng ;
which implies by Gronwall’s inequality thatZ
jrT e;nt F j2 dmngpe
ﬃﬃﬃﬃﬃﬃﬃﬃ
4ace;n
2:3
p
jtj
Z
jrF j2 dmng ;
hence the assertion. &
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2.2. The limit n-N
Lemma 2.4. Let Pn be as in (2.1). ThenZ
jbe;nk 3Pn  bekj2 dmgpc2:4
e2ejkj
2
ðn þ 1Þðn þ 1 jkjÞ e
2en2 ;
for some constant c2:4 independent of e; n and k.
Proof. Using the estimate akh;khp 32pjhjjk  hj; it follows thatZ
jbe;nk 3Pn  bekj2 dmgp c
X
hAZ2
*
with jhj4n
e2eðjkj
2þjhkj2þjhj2Þ
jhj2jk  hj2
p c0e2ejkj22en2
Z N
nþ1
t dt
t2ðjkj  tÞ2
p c0e2ejkj22en2 1
n þ 1
Z N
nþ1
dt
ðjkj  tÞ2
¼ c0e2ejkj22en2 1ðn þ 1Þðn þ 1 jkjÞ: &
Let cnAC
1
bðRþÞ; 1½0;npcnp1½0;2n; jj ’cnjjNp2n; and let jnðzÞ :¼ cnðEn1ðzÞÞ: For
FABðCZ2þÞ let Fn :¼ jnF : Then
Lemma 2.5. FALpðmgÞ implies limn-N Fn ¼ F in LpðmgÞ:
Proof. By dominated convergence it sufﬁces to proof that limn-N mgðj1 jnjXdÞ ¼
0 for all d40: This clearly follows from the fact that
mgðj1 jnjXdÞpmgðEn1XnÞp
1
n
Z
En1 dmg ¼
1
n
2
g
X
kAIn
1
jkj2-0; n-N: &
Lemma 2.6. Let FAFC1b and Fn :¼ jnF : Then
sup
nX1
Z
jrðjnFÞj2 dmngoN:
Proof. Since rðjnFÞjpjrjnjjjF jjN þ jrF j it sufﬁces to show that
sup
nX1
Z
jrjnj2 dmngoN:
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This follows from the fact that jrjnj2ðzÞp16n2
P
kAIn jkj
4jzkj2; so thatR jrjnj2 dmngp16n2 2g jInj; which is bounded in n: &
Proof of Theorem 1.1. Closability of ðLe;FC1bÞ is obvious. Suppose from now on
that e40:
Step 1: Let FAFC1b ; FðzÞ ¼ Fðzk1 ;y; zknÞ; n0 :¼ max1pipn jkij and tAR: Then
ðT e;nt FnÞnXn0 is LpðmgÞ-Cauchy for all pA½1;NÞ:
Proof. Since ðT e;nt FnÞnXn0 is uniformly bounded it sufﬁces to prove that ðT
e;n
t FnÞnXn0
is L2ðmgÞ-Cauchy. To this end note that for m; nXn0Z
ðT e;nt Fn  T e;mt FmÞ2 dmg
¼
Z
ðFn  FmÞ2 dmg þ 2
Z t
0
Z
ð/Be;n;rT e;ns FnS
 /Be;m;rT e;ms FmSÞðT e;ns Fn  T e;ms FmÞ dmg ds:
Clearly,
lim
n;m-N
Z
ðFn  FmÞ2 dmg ¼ 0
by Lemma 2.5. The invariance of Le now implies that
Z t
0
Z
ð/Be;n;rT e;ns FnS/Be;m;rT e;ms FmSÞðT e;ns Fn  T e;ms FmÞ dmg ds
¼
Z t
0
Z
/Be;n  Be;rT e;ns FnSðT e;ns Fn  T e;ms FmÞ dmg ds
þ
Z t
0
Z
/Be  Be;m;rT e;ms FmSðT e;ns Fn  T e;ms FmÞ dmg ds
p2jjF jjN
Z t
0
Z
j/Be;n  Be;rT e;ns FnSj dmg ds


þ 2jjF jjN
Z t
0
Z
j/Be;m  Be;rT e;ms FmSj dmg ds

:
Note that FnðzÞ ¼ 0 if En1ðzÞX2n: Since e40 implies that ce;n2:3pce :¼
ð1e
P
kAZ2þ
eejkj
2Þ2oN we obtain from Proposition 2.3 that
Z
jrT e;ns F j2 dmgpe
ﬃﬃﬃﬃﬃﬃ
8cen
p jtj
Z
jrF j2 dmg; sA½0; t:
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Now, Lemma 2.4 implies that up to some constant independent of nZ t
0
Z
j/Be;n  Be;rT e;ns FnSj dmg ds

pjtj X
kAIn
e2ejkj
22en2
 !1
2
e
ﬃﬃﬃﬃﬃﬃ
8cen
p jtj-0;
n-N:
Similarly, Z t
0
Z
j/Be;m  Be;rT e;ms FmSj dmg ds

-0; m-N;
which implies the assertion of Step 1. &
Step 2: Let T et F :¼ limn-NT e;nt Fn: Then ðT et ;FC1bÞ can be uniquely extended to a
Markovian contraction on all LpðmgÞ-spaces.
Proof. Clearly,
R jT et F jp dmgp R jF jp dmg; FAFC1b ; sinceZ
jT e;nt Fnjp dmg ¼
Z
jT e;nt Fnjp dmng ¼
Z
jFnjp dmngp
Z
jF jp dmng ¼
Z
jF jp dmg
for all large n: Hence ðT et ;FC1bÞ can be extended uniquely to a contraction on
LpðmgÞ: Clearly, the extension is Markovian again.
It is easy to see that ðT et Þ is a strongly continuous one parameter group of
Markovian contractions whose generator extends ðLe;FC1bÞ: To see that the
generator in L1ðmgÞ coincides with the closure of ðLe;FC1bÞ it is now sufﬁcient to
prove that rangeð1 LeÞðFC1bÞCL1ðmgÞ dense (cf. [ReSi, Theorem X.48]). To this
end let HALNðmgÞ be such that
R ð1 LeÞFH dmg ¼ 0 for all FAFC1b : Since
limn-NðLe  Le;nÞT e;nt F ¼ 0 in L1ðmgÞ (cf. the proof of Step 1), it follows thatZ
T et FH dmg 
Z
FH dmg ¼ lim
n-N
Z
T e;nt FH dmg 
Z
FH dmg
¼ lim
n-N
Z t
0
Z
d
ds
T e;ns FH dmg ds
¼ lim
n-N
Z t
0
Z
Le;nT e;ns FH dmg ds
¼ lim
n-N

Z t
0
Z
ð1 LeÞT e;ns FH dmg ds
þ
Z t
0
Z
T e;ns FH dmg ds
¼
Z t
0
Z
T es FH dmg ds: ð2:3Þ
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Denote by Tˆet the dual operator to T
e
t : Then (2.3) implies that Tˆ
e
tH ¼ HþR t
0 Tˆ
e
sH ds: Consequently, Tˆ
e
tH ¼ etH: Since by the contraction propertyR jHj dmgX R jTˆetHj dmg ¼ et R jHj dmg it follows that H ¼ 0; hence the assertion.
To show that ðT et Þ is induced by a family of measure-preserving point-
transformations ðxeðt; ÞÞ note that for all kAZ2þ ðxe;nk ðt; Þ 3PnÞ is a Cauchy sequence
in mg-measure. Indeed, ﬁx d40 and let An;m :¼ fjxe;nk ðt; Þ 3Pn  xe;mk ðt; Þ 3PmjXdg:
For M40 let Bn;m :¼ fjxe;nk ðt; Þ 3PnjpM; jxe;mk ðt; Þ 3PmjpMg: Then
mgðBcn;mÞp
1
M2
jjxe;nk ðt; Þjj2L2ðmng Þ þ jjx
e;m
k ðt; Þjj2L2ðmmg Þ
 
p 1
M2
4
gjkj4;
uniformly in n; m: Let cAC1bðRÞ such that cðtÞ ¼ 1 for tpM: Then
mgðAn;mÞpmgðAn;m-Bn;mÞ þ mgðBcn;mÞ
p 1
d
jjcðxe;nk ðt; Þ 3PnÞ  cðxe;mk ðt; Þ 3PmÞjjL1ðmgÞ þ
1
M2
4
gjkj4:
Since jnðÞcðxe;nk ðt; ÞÞ ¼ jnðxe;nk ðt; ÞÞcðxe;nk ðt; ÞÞ; nXjkj; is Lp-Cauchy by Step 1,
cðxe;nk ðt; ÞÞ; nXjkj; is Lp-Cauchy again. In particular, limn;m-NmgðAn;mÞ ¼ 0:
Finally, let xekðt; Þ :¼ limn-Nxe;nk ðt; Þ 3Pn be a mg-version of the limit
and let xeðt; Þ ¼ ðxekðt; ÞÞkAZ2þ : Clearly, x
e satisﬁes the ﬂow property
xeðt; xeðs; ÞÞ ¼ xeðt þ s; Þmg-a.e. and Fðxeðt; ÞÞ is a mg-version of T et F for all
FAL1ðmgÞ: &
3. Proof of Theorem 1.2
Similar to the proof of Theorem 1.1 we consider ﬁnite-dimensional approxima-
tions. Let Lng be the Ornstein–Uhlenbeck operator given by the generator of the
closure ðDng ; H1;2ðmngÞÞ of
DngðF ; FÞ ¼
1
2
X
kAIn
Z
jkj2jrkF j2 dmng ; FAC1bðCInÞ:
Clearly DgðF 3Pn; F 3PnÞ ¼ DngðF ; FÞ; FAC1bðCInÞ; and mng is an inﬁnitesimally
invariant measure for Ae;ng :¼ Lng  Le;n: In particular, Ae;ng is dissipative in L1ðmngÞ:
Proposition 3.1 (L1-Uniqueness of Ae;ng ). Let eX0:
(i) The closure ð %Ae;ng ; Dð %Ae;ng ÞÞ of ðAe;ng ; CNb ðCInÞÞ in L1ðmngÞ generates a Markovian
C0-semigroup of contractions ð %Tnt Þ:
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(ii) Dð %Ae;ng Þb :¼ Dð %Ae;ng Þ-LNðmngÞCH1;2ðmngÞ and
DngðF ; GÞ 
X
kAIn
Z
be;nk  rkFG dmng
¼ 
Z
ð %Ae;ng FÞG dmng ; FADð %Ae;ng Þb; GACN0 ðCInÞ; ð3:1Þ
and moreover,
DngðF ; FÞp
Z
ð %Ae;ng FÞF dmng ; FADð %Ae;ng Þb: ð3:2Þ
Remark 3.2. (i) It follows in particular that ðAe;ng ; CNb ðCInÞÞ is L1-unique, i.e., there is
only one extension of ðAe;ng ; CNb ðCInÞÞ on L1ðmngÞ generating a C0-semigroup, and
consequently, the corresponding Cauchy-problem is well-posed in L1ðmngÞ:
(ii) Using the theory of generalized Dirichlet forms one can construct a
conservative diffusion process M ¼ ððXtÞ; ðPxÞÞ that is associated with
ð %Ae;ng ; Dð %Ae;ng ÞÞ in the sense that its transition probabilities are given by ð %Tnt Þ (cf. [St]).
Proof of Proposition 3.1. By [St, Theorem I.1.5] there exists a closed extension
ð %Ae;ng ; Dð %Ae;ng ÞÞ of ðAe;ng ; CNb ðCInÞÞ generating a sub-Markovian C0-semigroup of
contractions ð %Tnt Þ such that Dð %Ae;ng ÞbCH1;2ðmngÞ and formula (3.1) and (3.2) hold.
Since be;nk AL
1ðmngÞ it follows from [St, Proposition I.1.10(a)] that mng is ð %Tnt Þ-invariant.
In particular, %Tnt 1 ¼ 1; i.e., ð %Tnt Þ is Markovian and [St, Corollary I.2.2] now implies
that ðAe;ng ; CN0 ðCInÞÞ is L1-unique. &
Proof of Theorem 1.2. Clearly, ðAeg;FC2bÞ is dissipative on L1ðmgÞ for all eX0: From
now on suppose that e40: In order to prove that the closure generates a C0-
semigroup of Markovian contractions if e40 it is now sufﬁcient to prove that the
range ð1 AegÞðFC2bÞCL1ðmgÞ dense (cf. [ReSi, Theorem X.48]). To this end ﬁx
FAFC2b ; FðzÞ ¼ Fðzk1 ;y; zknÞ; and let n0 :¼ max1pipn jkij: Since ðAe;ng ; CNb ðCInÞÞ
is L1ðmngÞ-unique by 3.1, there exist GnACNb ðCInÞ for nXn0 such that jjGn
ð1 %Ae;ng Þ1F jjL1ðmng Þ þ jjAe;ng Gn  %Ae;ng ð1 %Ae;ng Þ
1
F jjL1ðmng Þp1n: Note that jjð1
%Ae;ng Þ1F jjL1ðmng ÞpjjF jjL1ðmngÞpjjF jjN; so that the sequence jjGnjjL1ðmng Þ (hence
jjAe;ng GnjjL1ðmng Þ too) is in particular bounded.
We will essentially show in the next couple of Steps that we may assume the
sequence ðGnÞ to be uniformly bounded w.r.t. the supremum norm.
Step 1: Let jACNb ðRÞ be such that 0pj0p1 and GACNb ðCInÞ: Then
DngðjðGÞ;jðGÞÞp
Z
ðAe;ng GÞjðGÞ dmng :
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Proof. Since j0ðtÞ2pj0ðtÞ for all t it follows thatZ
jrkjðGÞj2 dmngp
Z
rkGn  rkjðGnÞ dmng
for all k; hence
DngðjðGÞ;jðGÞÞ ¼
X
kAIn
jkj2
Z
jrkjðGÞj2 dmngpDngðG;jðGÞÞ: ð3:3Þ
Let cðtÞ :¼ R t
0
jðsÞ ds: Then cðGÞACNb ðCInÞ and since Be;n is of mng-divergence zero we
conclude that
X
kAIn
jkj2
Z
be;nk  rkGjðGÞ dmng ¼
X
kAIn
jkj2
Z
be;nk  rkcðGÞ dmng ¼ 0: ð3:4Þ
Combining (3.3) and (3.4) we obtain that
DngðjðGÞ;jðGÞÞp
Z
ðAe;ng GÞ jðGÞ dmng : &
Step 2: Let jjF jjNoM1oM2: Then
lim
n-N
X
kAIn
jkj2
Z
fM1pjGnjpM2g
jrkGnj2 dmng ¼ 0:
Proof. Let jACNb ðRÞ be such that jðtÞ ¼ 0 if tpjjF jjN; 0pj0p1 and j0ðtÞ ¼ 1 if
tA½M1; M2: Step 1 implies that
X
kAIn
jkj2
Z
fM1pGnpM2g
jrkGnj2 dmngpDngðjðGnÞ;jðGnÞÞp
Z
ðAe;ng GnÞjðGnÞ dmng :
Consequently,
lim sup
n-N
X
kAIn
jkj2
Z
fM1pGnpM2g
jrkGnj2 dmng
p lim sup
n-N

Z
ðAe;ng GnÞjðGnÞ dmng
p lim sup
n-N
1
n
jjjjjN þ
Z
ð %Ae;ng ð1 %Ae;ng Þ1FÞjðGnÞ dmg
p lim sup
n-N
1
n
jjjjjN þ 2jjF jjN
Z
jðGnÞ dmg ¼ 0:
Similarly, limn-N
P
kAIn jkj
2 R
fM2pGnpM1g jrkGnj
2
dmng ¼ 0:
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Step 3: Let jACNb ðRÞ be such that jðtÞ ¼ t if jtjpjjF jjN þ 1 and jjðtÞj ¼
jjF jjN þ 1 if jtj4jjF jjN þ 2 and 0pj0p1: Then limn-N jjð1 AegÞjðGnÞ 
F jjL1ðmgÞ ¼ 0:
Proof. By Step 1
DngðjðGnÞ;jðGnÞÞp
Z
ðAe;ng GnÞjðGnÞ dmngpð1þ 2jjF jjNÞjjjjjN:
Since jðGnÞACNb ðCInÞ; Ae;ng jðGnÞ ¼ j0ðGnÞAe;ng Gn þ j00ðGnÞ
P
kAIn jkj
2jrkGnj2 by
the chain rule, limn-Njjðj0ðGnÞ  1ÞAe;ng GnjjL1ðmng Þ ¼ 0; and
X
kAIn
jkj2
Z
jj00ðGnÞjjrkGnj2 dmng
pjjj00jjN
X
kAIn
jkj2
Z
fjjF jjNþ1pjGnjpjjF jjNþ2g
jrkGnj2 dmng ¼ 0
by Step 2, we conclude that
lim
n-N
jjAe;ng jðGnÞ  Ae;ng GnjjL1ðmng Þ ¼ 0: ð3:5Þ
Now Lemma 2.4 implies that
jjð1 AegÞjðGnÞ  F jjL1ðmgÞ
pjjð1 Ae;ng ÞjðGnÞ  F jjL1ðmng Þ
þ
X
kAIn
jkj2ðbe;nk 3Pn  bekÞ  rkjðGnÞ




L1ðmgÞ
pjjð1 Ae;ng ÞGn  F jjL1ðme;ng Þ þ jjAe;ng jðGnÞ  Ae;ng GnjjL1ðmng Þ
þ
X
kAIn
jkj2jjbe;nk 3Pn  bekjj2L2ðmgÞ
 !1
2 X
kAIn
jkj2
Z
jrkjðGnÞj2 dmng
 !1
2
p1
n
þ jjAe;ng jðGnÞ  Ae;ng GnjjL1ðme;ng Þ
þ c2:4
X
jkjAIn
jkj2 e
2ejkj2
ðn þ 1Þðn þ 1 jkjÞ e
2en2
0
@
1
A
1
2
DngðjðGnÞ;jðGnÞÞ
1
2:
The second term on the r.h.s. of the last inequality converges to 0 by (3.5) whereas
the last term converges to 0 since e40: Hence Theorem 1.2 is proved. &
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